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Abstract 

Let M be a manifold with Grassmann structure, i.e. with an isomorphism of the 
cotangent bundle T* M=E®H with the tensor product of two vector bundles E and 
H. We define the notion of a half-flat connection \7 W in a vector bundle W^M as a 
connection whose curvature F G S 2 E <g> A 2 H <g> End W C A 2 T*M ® End W. Under 
appropriate assumptions, for example, when the Grassmann structure is associated 
with a quaternionic Kahler structure on M, half-flatness implies the Yang- Mills equa- 
tions. Inspired by the harmonic space approach, we develop a local construction of 
(holomorphic) half-flat connections \7 W over a complex manifold with (holomorphic) 
Grassmann structure equipped with a suitable linear connection. Any such connec- 
tion SJ W can be obtained from a prepotential by solving a system of linear first 
order ODEs. The construction can be applied, for instance, to the complexification 
of hyper-Kahler manifolds or more generally to hyper-Kahler manifolds with admis- 
sible torsion and to their higher-spin analogues. It yields solutions of the Yang- Mills 
equations. 
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1 Introduction 



The Yang-Mills self-duality equations have played an important role in field theory and in 
differential geometry. They are the main source of examples of solutions of the Yang-Mills 
equations on four-dimensional manifolds [AHS]. The self-duality equations *F V =F V 
mean that the curvature _F V of a connection V over a Riemannian 4-fold M is an eigen- 
vector of the Hodge star operator, associated with the volume 4-form, which acts on 
two-forms. This apparently four-dimensional construction has an analogue in Riemannian 
manifolds M of arbitrary dimensions. Any 4-form OonM defines an endomorphism B^ of 
the space of 2-forms and one can define (Q, A)-self-duality as the condition, B^F V =XF^ , 
that the curvature is an eigenvector of Bq with eigenvalue A = const 7^ 0. Under appro- 
priate assumptions on Q (for example, if it is co-closed) this implies the Yang-Mills equa- 
tions, just as in four dimensions. For instance, this works for a constant Q in flat space 
[CDFN, W] and for a parallel 4-form on a Riemannian manifold with special holonomy 
(some examples are discussed in [CS, N, BKS, DT, T]). If Q is, for example, the canonical 
parallel 4-form associated to a quaternionic Kahler manifold M of dimension 4m, then the 
eigenspaces of Bq are the irreducible Sp(m) • Sp(l)-submodules of the space of two-forms. 
In terms of the associated locally defined Grassmann structure T* C M = E ® H , i.e. the 
identification of the complexified cotangent bundle T* C M with a tensor product of two 
vector bundles E and H of rank 2m and 2 respectively, the eigenspace decomposition is 
given by 

A 2 T* C M = S 2 E <g> A 2 H © A 2 E <g> S 2 H © u E <g> S 2 H , 

with corresponding ^-eigenvalues Ai=l, A 2 = — 1/3, A 3 = — (2m+l)/3 [W, CGK]. Here 
oje and ujh are two- forms on E* and H* such that the complex metric on T C M is given by 
uje ® and Aq-E 1 denotes the traceless part of A 2 E with respect to ooe- The eigenspaces 
of Bq can thus be described in terms of the Grassmann structure, which is a natural 
generalisation of the well-known spinor decomposition of a vector in four dimensions. A 
2-form on any manifold with Grassmann structure is called half-flat if it belongs to the 
eigenspace S 2 E <g> A 2 H and a connection V with half-flat curvature is called half-flat. 
If the Grassmann structure is associated with the quaternionic Kahler structure, then a 
half-flat connection is the same as an (Q, Ai)-self-dual connection and hence satisfies the 
Yang-Mills equations. Inspired by the harmonic space approach [GIOS], we develop a 
construction of locally-defined holomorphic half-flat connections on a manifold M with 
holomorphic admissible half-flat Grassmann structure, namely, a holomorphic Grassmann 
structure T*M = E®H with holomorphic connections V E and V H in the bundles E and H 
respectively, such that is flat and the torsion of the linear connection V = V B ©Id+Id© 
has no component in S 3 H © E* © A 2 E. The construction associates to a holomorphic 
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prepotential a half-flat connection through the solution of a system of linear first order 
ODEs. The construction can be applied, for instance, to the complexification of hyper- 
Kahler manifolds or, more generally, to hyper-Kahler manifolds with admissible torsion. 
Our construction of gauge fields on such curved backgrounds extends that of [GIOS], 
where flat torsionfree backgrounds were considered. Moreover, we provide a geometric 
description of the harmonic space method of [GIOS]. 

We note that using analytic continuation any real analytic connection V over a real 
analytic Grassmann manifold allows extension to a holomorphic connection V c over a 
holomorphic Grassmann manifold and V can be reconstructed from V c in terms of some 
antiholomorphic involution. 

The main idea of our construction is to pull-back a half-flat connection V in a holo- 
morphic vector bundle v : W — > M to the harmonic space S H . The latter is the space of 
all symplectic frames h = (h+, hJ) in the vector bundle H* . The group Sp(l, C) acts freely 
on S H , with the orbit space S#/Sp(l, C) = M. Hence, the projection ir : S H — > M is an 
Sp(l, C)-principal bundle. Choosing a (local) trivialisation, M 3 x i— > (hi(x), h 2 (x)) G S H , 
of 7r we can make the identification Sh = Sp(l, C) x M. There exists a canonical decom- 
position, 

TS H = T V S H © V + © D_ , 

of the (holomorphic) tangent bundle into the vertical sub-bundle T v Sh and two (holo- 
morphic) distributions D + and D_ spanned respectively by vector fields XI and X e _ 
canonically associated with sections e of the bundle E*. If the Grassmann structure is 
admissible and half-flat, the distributions D + and D_ are integrable. The vertical distri- 
bution T v Sh is spanned by vector fields do,d ++ ,d , which correspond to the standard 

generators of the Lie algebra sp(l, C). A half-flat connection V in the bundle v : W — > M 
induces the pull-back connection 7r*V in the pull-back bundle ti*v : n*W — > Sh- Since 
V is half-flat, the curvature F of 7r*V satisfies certain equations (see Definitions 6 and 
7). A connection in n*v satisfying these equations is called a half-flat connection over Sh 
and is gauge equivalent to the pull-back of a half-flat connection over M. Any half-flat 
connection over Sh is flat along the leaves of the integrable distribution (D + , do) spanned 
by 8q and D+. We can therefore choose a frame of the vector bundle ix*v which is parallel 
along its leaves. Such a frame is called an analytic frame. With respect to such a frame a 
half-flat connection has no potentials in the directions of the distribution (D + , do). Start- 
ing from a matrix-valued function (prepotential) A ++ on Sh, which is constant along the 
leaves of the distribution D + and satisfies the homogeneity condition d A ++ = 2A ++ , we 
construct a connection which satisfies almost all the conditions of half-flatness. We call 
such a connection an almost half-flat connection. It is half-flat if and only if its curvature 
satisfies the equation F(d , CD_) = 0. The construction of an almost half-flat connection 
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reduces to the solution of first order linear ODEs. Assuming that the almost half-flat 
connection V is defined globally along the fibres (over tt~ 1 U , where U C M is a domain in 
M) we can modify V to a half-flat connection over Sh which is the pull-back of a half-flat 
connection over M. In order to do this, we re-write V with respect to a "central frame" , 
namely, a frame parallel along the fibres of ir. The transformation from the analytic to 
the central frame reduces to the solution of the system of equations 

<9 ++ $ = , <9 $ = . 

With respect to the central frame the potential C(X+) of the connection V in the direction 
of the vector field X\ e T> + has the form C(X+) = u\C e a , where C e a are matrix- valued 
functions on M = M x {Id} C M x Sp(l,C) and u± , a = 1,2, are matrix coefficients 
of Sp(l, C). The matrix- valued functions Cf, Cf define the desired half-flat connection on 
M given by 

V£ fcl = e®/ii + C? , V% ha = e®h 2 + C$. 
Moreover, any half-flat connection may be obtained in this way. 

The above construction allows generalisation to manifolds with spin y Grassmann 
structure. This means that the cotangent bundle is identified as T*M = E®F = E®S m H, 
where E and H are (holomorphic) vector bundles of rank p and 2 respectively. If a 
connection V £ on E and a flat connection V H on H are given, then the Grassmann 
structure is called half-flat. The connection defines a flat connection V F onF = S m H 
and the linear connection V = V s <8> Id + Id <g> V F . The associated harmonic space 
7i : Sh — > M is defined as above, as the space of all symplectic frames h = (h+, hJ) in H*. 
Its tangent space has decomposition 

m m 
k=0 k=l 

Under certain conditions on the torsion of V the distribution '■= ©i=o ^(m-2z)+ , 

k < m/2, is integrable. Such a half-flat Grassmann structure is called /c-admissible. 
Generalising the notion of a half-flat connection, we may define a fc-partially flat connection 
V over a manifold with half-flat spin y Grassmann structure such that the pull-back 
connection 7r*V has no curvature in the directions of The harmonic space method 

can be applied to construct fc-partially flat connections over /c-admissible half-flat spin y 
Grassmann manifolds. In the final section we consider the case of m = 3 and sketch the 
construction of 0- and 1-partially flat connections. The latter are Yang-Mills connections. 

We should like to thank Andrea Spiro for useful comments on the manuscript. 
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2 Generalised self-duality for manifolds of dimension 
greater than four 



2.1 Yang-Mills data 

Let v : W — ► M be a real vector bundle over M and V a connection in v, that is a bilinear 
map 

v : x(M) x r(i/) -> i» 

(X,a) i-> Vxff 

which is C°°(M)-linear in the vector field X G X(M) and satisfies the Leibniz rule 
Vj(/(j) = (Xf)cr + fVxcr, for any function / G C°°(M) and any section, cr G T(z/), 
of v. The map V can be extended to a complex bilinear map, 

V : X (M) x l'(ir : — .U) -> -M) 

(X,<r) ^ V x a, (2 ' 1} 

where X C (M) is the space of complex vector fields X+iY ; X, FgX(M) and 11 : ' - M is 
the complexification of the vector bundle v. Note that V satisfies the reality condition 



V x a = Vjff , X G X L (M) , a G r(^^M) , (2.2) 

where the bar denotes complex conjugation. Conversely, any C-bilinear map (2.1) which 
is X c (M)-linear and satisfies the Leibniz rule and the reality condition (2.2), defines a 
connection V in the real vector bundle v. If the reality condition (2.2) is dropped, then 
(2.1) defines a connection in the complex vector bundle W C -^>M. 

Let ip = (ipi, . . . ,<f r ) denote a local frame of v such that for any section a G T(u), 
a = ^2s l ifii —: ip • s, where s l are the coordinates of a with respect to the frame ip and 
s = (s 1 , . . . , s r y. Then the connection V in v has local expression 



V x a = Vx(sVi) = f ■ Vxs := (Xs l + ^ A){X)s j ) 



Pi 



where A l j(X) = (V x<Pj, <p l ) and (p* = (ip 1 , . . . , <p r ) denotes the dual frame. The locally 
defined matrix- valued 1-form A = {A 1 -) : M — > g[(r, R) is called the Yang-Mills potential 
with respect to the frame ip. If the vector bundle v has structure group G, i.e. if it is 
a bundle associated with a principal G-bundle P — > M and a representation p : G — > 
GL(r, R), such that If = P R r , then we may always choose a frame ip for which the 
potential takes values in the Lie algebra q = Lie p(G) C g((r, R). We will symbolically 
write Vx = X + A , A = A change of frame (gauge transformation) tp' = tpU induces 
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changes s' = U^s and (p'(X + A'(X))s' = ip'V x s' = y?V ' x s = <p(X + A(X))s = 
tp'U^i^X + A(X))Us', yielding the transformation rule for the potential, 

A' = U-\XU) + U- X A{X)U = U~ X V X U . (2.3) 

The curvature of the connection V, F = F v e tt 2 M (End W) = T(A 2 T*M <g> End W), is 
given by 

F(X,F) = [Vx,Vy]-V[x,y] 

= XA(Y) - YA{X) + [A(X), A(Y)] - A([X, Y]) . 

The Jacobi identity for Vx is equivalent to the Bianchi identity, ci v F v = 0. Here the 
covariant derivative d v : f2 p (End W) — > f2 p+1 (End W) is defined by 

rf v (cu ®C) = duj®C + (-l) p cu A VC , 

where a; is a p-form and C is a section of End W . (The connection V on If induces a 
connection on End W denoted by the same symbol.) 

On any n-dimensional oriented pseudo-Riemannian (or complex Riemannian) manifold, 
(M, g) using the canonical volume form vol 9 G A n T*M, we define the Hodge * operator 
which interchanges forms of complementary degree, * : A P T*M — > A n_p T*M, by the rela- 
tion: (a, (3)vol 9 = a A */3 , where a, /3 G A P T*M and (. , .) is the natural scalar product on 
A P T*M induced by the metric g. We define * : A P T*M© End If -> A n ~ p T*M© End If 
by *(cj ® C) := (*u (g) C). 

Definition 1 Let z/ : If — > M be a real vector bundle over a pseudo-Riemannian 
manifold (M,g). A YM connection V in v is one which satisfies the Yang-Mills equation 

d v * F v = . 

On a closed manifold this is the Euler-Lagrange equation for the YM functional 

|| F V||2 = f | F V|2 vqF) ^ 
J M 

where the norm on A 2 T*M © End W is induced by the pseudo-Riemannian metric on M 
and the natural metric on End W. 



2.2 Self-duality conditions 

On a Riemannian four-manifold, the * operator maps 2-forms to 2-forms and has eigen- 
values ±1. The curvature tensor therefore has decomposition into the eigenspaces of the 
* operator, 

F v = © F\ G fi+ (End W) © fi M (End W). 
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This splitting corresponds to the decomposition of the SO(4)-module A 2 M 4 = A 2 ^ © A 2 . = 
50 (4) = sp(l) © sp(l) into its irreducible submodules. We call V and F v self-dual or 
anti-self-dual if F v x := ±(F V - *F V ) = or : = ±(F V + *F V ) = 0, respectively. For 
(anti-) self-dual connections, the YM equation, rf v *F v = 0, is an immediate consequence 
of the Bianchi identity, d v F v = 0. On closed manifolds (anti-) self-dual connections in 
fact minimise the YM functional (2.4), since the inequality 

||F V || 2 = HF^H 2 + \\F^\\ 2 > IHF^H 2 - \\F^\\ 2 \ = Stt 2 \c 2 (W)[M}\ 

is saturated. Here c 2 (W^)[M] = ^ J M tr F v A F v is the evaluation of the second Chern 
class of the bundle W on the fundamental cycle. 

The apparently four- dimensional notion of self-duality, has an analogue in higher di- 
mensions. The construction originally given in [CDFN] for flat spaces, extends to arbitrary 
manifolds (M,g), of dimension greater than four, as follows. 

For Q G f2 4 (M) we define a symmetric tracefree endomorphism field Bq : A 2 T*M — > 
A 2 T*M by 

B^u := *(*f2 A uo) , (2.5) 

where oo G A 2 T*M. This endomorphism is zero if and only if the 4-form Q is zero. 
Moreover, we have: 

Lemma 1 Let 

Q = ^2 ^ijkie 1 A e j A e k A e l , u — ^ u^e 1 A e j 

be the expressions for Q and uj with respect to a frame e l ofT*M. Then Bq is given as 
the contraction 

B n cu = 12 0* V tt ijk i u Vj i e h A e l . 

Proof: It is sufficient to check the above formula for decomposable forms Q = e 1 Ae J ' Ae k Ae l 
and u = e m A e n , where the e l form an orthonormal basis of T*M . □ 

Definition 2 A 4-form Q G Q 4 (M) on a pseudo-Riemannian manifold M is called 
appropriate if there exists a nonzero real constant eigenvalue A of the endomorphism field 
B n . 

We note that on a Riemannian manifold the eigenvalues of Bq are real for any 4-form fl. 
A generalisation of the four dimensional notion of self-duality may now be defined: 
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Definition 3 Let Q be an appropriate 4-form on a pseudo-Riemannian manifold (M, g) 
and A 7^ G R. A connection V in a vector bundle v : W — > M is (f2, A)-self-dual if its 

curvature F v satisfies the linear algebraic system 

BqF v = XF V (2.6) 
(d*Q) AF V = . (2.7) 

Theorem 1 Let (M, g) be a pseudo-Riemannian manifold with an appropriate 4-form 
Q. Then any (Q, X)-self-dual connection V is a YM connection. 

Proof: Using (2.6) and (2.5) we obtain 

d v *F v = {d v *B n F v = ±±d v (*fiAF v ) 
= ±i(((f*0)AF v + *OAd v F v ) 
= 0, 

in virtue of (2.7) and the Bianchi identity rf v F v =0. □ 

Examples of manifolds admitting appropriate 4-forms are easily obtained. Let V be a 
pseudo-Euclidean vector space and G C SO(V) be a linear group preserving a nonzero 
element VLq G A A V . Denote by Hp the components of f2 with respect to an orthonormal 
basis of V. Given a manifold M with a G-structure, n : P — > M, i.e. a principal G- 
subbundle of the bundle of frames on M, we can define a 4-form f2 := Qijk^Ae 3 : Ae k Ae\ 
where (e 1 , . . . , e n ) is a coframe dual to a G- frame p = (ei, . . . , e n ) G P. Since G C SO(V), 
M has the structure of an oriented pseudo-Riemannian manifold and we can define the 
operator Bq. The matrix components of B n = ^Bf^e 1 A e j <g> e k A e t are constant for 
any G-frame and so are its eigenvalues. Hence Q is appropriate if the endomorphism 
Bq q G A 4 V has a nonzero real eigenvalue A. This is automatic in the Riemannian case. 

There exist many examples of subgroups G C SO(V) admitting nonzero G- invariant 
4-forms, as shown by the following construction. Let G C SO(V) be a closed subgroup 
of the pseudo-orthogonal group SO(V) and q<Zso(V)= A 2 V* its Lie algebra. Assume 
that g admits a G-invariant symmetric nondegenerate bilinear form B G S 2 (g*) G , where 
W G denotes the space of G-invariant elements of a G-module W. We can then identify 
g with its dual g* via B and consider B as an element of (S 2 (g)) G c(S 2 A 2 V*) G . A G- 
invariant 4-form is then defined by £l G :=dltB G (A 4 V*) G , where alt :S 2 A 2 V*^ A 4 V* 
denotes alternation. We denote the corresponding 4-form on a manifold with G-structure 
by fl G . The following variant of a theorem by Kostant [K] provides a wealth of examples 
of nonzero Q G 's. 
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Theorem 2 Let G C SO(V) be a closed subgroup whose Lie algebra q admits a non- 
degenerate G -invariant bilinear form B e (S 2 q) g . If the G-module V is not equiva- 
lent to the isotropy module of a pseudo-Riemannian symmetric space, then the four-form 
Q G := altB G (A 4 V) G is nonzero. 

Proof: Recall that the SO(V)-module S 2 A 2 V decomposes according to S 2 A 2 V = 
Oi(so(V)) + A 4 V, where 3l(so(V)) denotes the space of curvature tensors of type so(V), 
i.e. the space of two-forms fulfilling the first Bianchi identity or the kernel of the map 
alt : S 2 A 2 V —> A 4 V. If tt G = alt 5 = 0, then B is a nonzero element of R(so(V)) H 
S 2 (q) G = ^(fl) G - Since B is a G-invariant two-form on V with values in q it can be used 
to define a Lie bracket [ • , • ] on the vector space 1 = q © V thus: 

(i) g is a subalgebra of [, 

(ii) V is a g-submodule with action defined by the inclusion g C so(V), 

(iii) [u,v] := B(u,v) e Q if u, v e V. 

The Jacobi identity follows from the Bianchi identity and the G-invariance. Let L be the 
simply connected Lie group with Lie algebra 1. Then L/Gq is a Riemannian symmetric 
space with V as its isotropy module, where G C L is the connected Lie subgroup with 
Lie G = g. □ 

Clearly, (2.7) is automatic if the 4-form Q is co-closed, d * Q = 0. This is the case, for 
example, if Q is parallel. In the Riemannian case the Berger list of irreducible holonomy 
groups [B] and a theorem of Kostant [K] yield the following result. 

Theorem 3 Let M be a complete simply connected irreducible Riemannian manifold of 
dimension n > 4 with holonomy group Hoi C SO(n), Hoi ^ SO(n). Then M admits a 
nontrivial parallel 4-form if one of the following holds: i) M is not a symmetric space or 
ii) M is a symmetric space and has a non-simple holonomy or, equivalently, isotropy 
group. 

Proof: By Berger's theorem on Riemannian irreducible holonomy groups [B], we have: 

a) M is not a symmetric space and its holonomy group is one of: U(|), SU(|), Sp(^)Sp(l), 
Sp(f ), G 2 , Spin(7), or 

b) M is a symmetric space. 

All the groups in a) admit invariant 4-forms. These are given below. A theorem of Kostant 
[K] states that a simply-connected irreducible Riemannian symmetric space G/K has no 
nonzero parallel 4-form if and only if the isotropy group K is simple. □ 

In the following examples we explicitly describe parallel (hence appropriate) 4-forms 
fl on Riemannian n-manifolds with holonomy groups Hoi ^ SO(n) from Berger's list. 
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1. Kahler manifolds, Hoi C U(m) C SO (2m), n = 2m: Q = u Aw, where u is the Kahler 
form. One can check that this is proportional to fi su ( m ) and that any parallel 4-form is 
proportional to uAu if the holonomy group is SU(m) or U(m). IfHol C Sp(fc) C SU(2fc) C 
SO(4/c), n = 4k > 4, i.e. if the manifold is hyper-Kahler, there exist three skewsymmetric 
parallel complex structures J a , a = 1,2,3. Then there exist six independent parallel 4- 
forms uj a A cup, a, (3 = 1,2,3, where u a is the Kahler form associated to J a . For low 
dimensional examples, eigenvalues and eigenspaces of Bq are given in [CDFN]. 

2. Quaternionic Kahler manifolds, Hoi C Sp(m)Sp(l) C SO(4m), n = Am. In this 
case there exist 3 locally defined almost complex structures J a , with corresponding Kahler 
forms u a , such that the 4-form Q := J2 a u a A u a is globally defined and parallel. This will 
be discussed in more detail in section 2.3. 

3. Hoi C G 2 C SO(7). Let V = O = Ml + ImO = R © K 7 = M 8 be the algebra of 
octonions. Recall that G 2 = Aut(O) is the group of automorphisms of the octonions. 
We can decompose the product of two octonions a, b into its real and imaginary parts as 
follows: 

ab = a ■ b = (a, 6)1 + |[a, b] , 

where (a, b) is the scalar product and [a, b] = ab — ba is the commutator. We define a 
3-form tp and a 4-form ^ on ImO = M 7 by the formulas 

<p(x,y,z) := (x-y,z) = \([x,y],z) 
ijj(x,y,z,w) := ([x,y,z],w), 

where [x, y,z] = {xy)z — x(yz) is the associator. It is known that ip = *<p. Notice that 
G2 is the group of isometries of O = R 8 which fix the identity element 1 and preserve the 
3-form tp (or equivalently the 4-form ip) on ImO. The 4-form if) defines a parallel 4-form 
on any Riemannian 7- fold with holonomy G 2 C SO (7). It is known [OV] that A 4 R 7 = 
Mi/i © V 7 (tt 1 ) © V 27 (2n 1 ), where V d (7r) is the rf-dimensional real irreducible representation 
of G2 with highest weight n and 7Tj denotes the i-th fundamental weight of G<i- From 
this it follows that the 4-form f2(^ 2 coincides with tp up to scaling. The corresponding 
endomorphism of A 2 1R 7 = 02 © R 7 has two distinct eigenvalues which correspond to 
the two irreducible G 2 -submodules g 2 and R 7 C A 2 R 7 [CDFN]. 

4. Hoi C Spin(7) C SO (8). Using the 3- and 4- forms tp and tp on R 7 introduced in the 
G 2 -case, we construct the 4-form 

Q = dt A p + ip , 
where t is the first coordinate on R 8 = Rl + R 7 . In particular, 

ttO-,x,y,z)=<p(x,y,z) , Q(x, y, z, w) = i/j(x, y, z, w) , x, y, z, w e R 7 . 
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This 4-form Q defines a parallel 4-form on any Riemannian 8-fold with holonomy Spin(7) C 
SO(8). It is known that A 4 M 8 = RQ®V 7 (tt 1 )®V 27 (27T 1 )® A^R 7 . From this it follows that 
the 4-form f2Q Pin< ^' ) coincides with f2 up to scaling. The corresponding endomorphism Bq 
of A 2 M 8 = spin 7 © R 7 has two distinct eigenvalues which correspond to the two irreducible 
Spin(7)-submodules spin 7 and IR 7 C A 2 R 8 [CDFN]. 



2.3 Quaternionic Kahler case 

Now we discuss in more detail the case of quaternionic Kahler manifolds (example 2 
above). Riemannian manifolds (M,g) with holonomy group Hoi C Sp(m)Sp(l) are called 
quaternionic Kahler manifolds. A quaternionic Kahler manifold with holonomy group 
Hoi C Sp(m) is called hyper-Kahler. On any quaternionic Kahler manifold M, there 
exists a rank 3 vector subbundle Q C End TM, invariant under parallel transport, which 
is locally spanned by three almost complex structures (J a ) = (Ji, J 2 , Jj,—J\Ji— — JiJ\)- 
The latter are in general only locally defined. The (globally defined) vector bundle Q is 
called the quaternionic structure of M. A local frame (J a ) as above is called a standard frame 
for Q. Similarly, a standard basis of Q at m G M, is a triple I , J, K = IJ = — JI e Q m of 
complex structures on T m M. A quaternionic Kahler manifold is hyper-Kahler if and only 
if there exists a globally defined parallel standard frame (J a ) = (J±, J 2 , J3—J1J2— — -hJi)- 

Given a standard frame, we may locally define three nondegenerate 2-forms u a := 
g{J a -, ■)■ The 4-form 

^ := y^^a A uj a 

a 

is independent of the choice of standard frame and defines a global parallel 4-form. 

To describe the eigenspace decomposition of Q it is convenient to use the Grassmann 
structure (i.e. generalised spinor decomposition) of a quaternionic Kahler manifold. Recall 
that a Grassmann structure on a (real) manifold M is defined as an isomorphism T* C M = 
E®H of the complexified cotangent bundle with the tensor product of two complex vector 
bundles E and H over M. Any quaternionic Kahler manifold admits a (locally defined) 
Grassmann structure T* C M = E (g) H, where H has rank 2, such that the holonomy 
group Hoi C Sp(E') <8> Sp(if). This follows from the fact that any complex irreducible 
representation of the group Sp(m) x Sp(l) is a tensor product of irreducible representations 
of its factors. 

The complex extension g c of the Riemannian metric defines a complex bilinear metric 
on T C M, which locally factorises as g c = oo E ® where u E and u H are sections of A 2 E 
and A 2 H, defining complex symplectic forms on the fibres of E* and H*, respectively. We 
call uj e and uj h the symplectic forms of the symplectic vector bundles E* and H*. 
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In terms of the Grassmann structure the eigenspaces V\ of the endomorphism Bq on 
A 2 T* C M are given by [W, CGK]: 



V Xl = S 2 E <g> u H , V X2 = A 2 E <g> S 2 H , V Xs =uj e ® S 2 H , 

where A^E is the space of u>£-traceless 2-forms and the eigenvalues are Ai = 1, A 2 = —1/3 
and A 3 = —(2m + l)/3. In particular the Ai-self-duality condition takes the form 

F v G S 2 E <g> uj H ® End W . (2.8) 

Note that since f2 is parallel it is appropriate and co-closed and hence the (f2, A)-self- 
duality equations (Definition 3) reduce to (2.6), which implies the Yang-Mills equation. 
It is known (see Theorem 1 of [CS]) that Ai- and A 3 -self-dual connections correspond to 
absolute minima of the Yang-Mills functional on compact quaternionic Kahler manifolds. 



2.4 Self-duality as half- flatness 

The Ai-self-duality equation (2.8) in fact depends only the existence of the factorisation 
T* C M = E®H and the symplectic structure in H*. A connection V in a vector bundle W 
over a manifold M with a Grassmann structure is called half-flat if its curvature satisfies 
the condition 

F v e S 2 E ® A 2 H ® End W . (2.9) 

In general such half-flat connections are not YM connections (with respect to some metric), 
but it is possible to impose further conditions on F v in order to enforce the YM equation. 
In fact it is the half-flatness of the connection, rather than the YM property, which is 
crucial for our construction of solutions. 

Proposition 1 A connection V in a vector bundle W — > M over a quaternionic Kahler 
manifold is half-flat if and only if it is \\-self-dual. Hence any such connection is a Yang- 
Mills connection. 

Proof: The result follows from (2.8) and (2.9) since A 2 H is the line bundle generated by 

L0 H - □ 

The Levi-Civita connection on a hyper-Kahler manifold is an example of a half-flat linear 
connection. Its complexification gives an example of what we call an admissible half-flat 
Grassmann structure in the next section. 
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3 Manifolds with half-flat holomorphic Grassmann 
structure 



Our goal is to give a construction of half-flat connections in a vector bundle v : W — > M 
over a manifold M. If all objects are real analytic, using analytic continuation we may 
obtain corresponding complex analytic objects. Specifically, assume that the manifold M 
and the bundle v are real analytic. Then M is defined by an atlas of charts with analytic 
transition functions. Extending these functions to complex holomorphic functions, we 
may extend M to a complex manifold M c with antiholomorphic involution r such that 
M = (M C ) T , the fixed point set of r. Similarly, a real analytic vector bundle v : W — > M 
can be extended to a holomorphic vector bundle v c : W c — ► M c . Moreover, an analytic 
connection V in v can be extended to a holomorphic connection V in u c . A holomorphic 
extension of a Yang-Mills connection is also a Yang-Mills connection. In the rest of this 
paper, we shall assume that all objects (manifolds, bundles and connections) are holomor- 
phic. In section 4 we shall give a construction of half-flat connections in a holomorphic 
bundle W — > M over a complex manifold M with holomorphic Grassmann structure. Now 
we describe the required geometrical notions. In particular, we provide a description of 
the harmonic spaces of [GIOS] in geometric language. Our description affords applica- 
tion to the construction of half-flat connections over more general manifolds than the flat 
torsionfree backgrounds previously considered in the harmonic space literature (see e.g. 
[GIOS]). 

3.1 Grassmann structure 

Let M be a complex manifold with holomorphic Grassmann structure T*M = E <g> H, 
the isomorphism of the holomorphic cotangent bundle over M with the tensor product 
of holomorphic vector bundles E and H over M of rank p and q respectively. Then 
TM = E*®H* . A holomorphic linear connection V on M is called a holomorphic Grassmann 
connection if it preserves the holomorphic Grassmann structure. This means that for any 
vector field X on M and local sections e e T(E) and h G T(H), 

Vx(e ®h) = Vf e <g> h + e <g> Vf /i 

where V £ , are connections in the bundles E 1 , if respectively. 

Definition 4 ^4 holomorphic Grassmann structure, T*M = E®H, on a complex mani- 
fold M with a holomorphic Grassmann connection V = V E ®Id + Id(g> V H is called half-flat 
if the connection V H in the holomorphic vector bundle H M is flat. A manifold with 
such a half-flat holomorphic Grassmann structure is called a half-flat Grassmann manifold. 
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Assumption. In this section we assume that M is a manifold with a half-flat holo- 
morphic Grassmann structure (T*M — E <g) H , V = V E © Id + Id © V^), such that H 
has rank 2 and that a V^-parallel nondegenerate fibre-wise 2-form ujh G T(A 2 iJ) in the 
bundle if* is fixed. If, in addition, a V £ -parallel nondegenerate two-form oje G T(A 2 -E) is 
fixed, then we can define a V-parallel complex Riemannian metric g = ooe © on M. 
We do not assume, in general, that the linear connection V is torsion-free. 

The torsion of a linear connection belongs to TM © A 2 T*M. Since T*M = E®H,we 
have the decomposition, 



where we omit the ®'s and we identify /J* with if using 

Definition 5 ^4 half-flat connection is called admissible if its torsion tensor has no com- 
ponent in E* © A 2 E © S* 3 //. ,4 half-flat Grassmann manifold (M, V) is ca//ed admissible z/ 
V is admissible. 

We remark that if the torsion of a half-flat connection is Tv-symmetric, i.e. if it belongs 
to TM © S 2 E © A 2 iJ = TM © S^-E © then the connection is admissible. It follows 
from the above decomposition that the torsion tensor of any admissible connection can be 
written as 

T(e®h,e' ' ®h!) =T 1 (e,e')®uj H (h,h')h 1 + T 2 {e,e')®uj H (h,h 2 )h' + T 2 (e, e') ®u H (ti, h 2 )h 

where e, e' are sections of E* , /ii, ft,2 are fixed sections of if = H*, T\ G r(£ l * © S* 2 i?) and 
T 2 G r(Tv*© A 2 E). This shows that admissibility of the connection means that the torsion 
can be represented as the sum of two tensors linear in cuh- 

3.2 Harmonic space 

Let M be a half-flat Grassmann manifold. We denote by Sh the Sp(l, C)-principal holo- 
morphic bundle over M consisting of symplectic bases of = H m = C 2 , m G M, 

S H = {s = (h + , hJ) | uj H (h + , h-) = 1} . 

The bundle Sh — »■ M is called harmonic space [GIOS]. A parallel (local) section 



TM © A 2 T*M 



TM © (a 2 £ © S 2 ii © S 2 E © A 2 if) 

E*H*(A 2 ES 2 H © S 2 £cjf/) 

£" A 2 £ (,S 3 ii © Wffif ) © E*S 2 Eoo H H , 



(3.1) 



m 



(h 1 (m),h 2 {m)) G 
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defines a trivialisation 

M x Sp(l,C) = S H , 

given by 



(m,U)^s m U= [h + = J2h a u«, h- = J2 h «U- ), U= + ~ ; det 11=1. 

V a=l a=l J \ U + U -J 

We denote by d ++ , d , d the fundamental vector fields on S H generated by the standard 

generators of Sp(l,C), 

d++ ~ | 1 ) , d — ~||, 5 ~( 1 

\0 OJ V °J \0 -1 

They satisfy the relations 

[d ++ , = do , [do , d ++ ] = 2d ++ , [d , <9__] = -2<9__ . 



Consider Mat(2, C), the vector space of two by two matrices. The matrix coefficients u% 
are coordinates on this vector space. One can easily check that the vector fields u+-^r , 



u -^a an d — W-a^ annihilate the function det IX = e@-fU+u_ , where are the 

matrix coefficients of the standard symplectic form of C 2 . Therefore these vector fields are 
tangent to the submanifold Sp(l, C) = {det IX = 1} C Mat(2, C). One can easily prove: 

Lemma 2 In terms of the identification, Sh = M x Sp(l,C), the fundamental vector 
fields on Sh generated by the standard generators o/Sp(l,C) may be written: 

f) - ii a 9 r) - q , a 9 a _ a d a d 

U ++ ~ U + du« ' U — «- dul ' u — u + Qu« a - du<± ■ 

We say that a function / on S H has charge c if d f = cf. The charge measures the 
difference in the degrees of homogeneity in u + and U-. 

Note that any frame (h+,h-) £ Sh defines an isomorphism C 2 A given by 
(z 1 ,^ 2 ) i— > z 1 h + + z 2 h^. This induces an isomorphism 

sp(l, C) = sp(C 2 ) = S 2 C 2 ^ S 2 H* m = span c {/4 ,h 2 _,h + V h_} , 

where we have identified sp(C 2 ) with S 2 C 2 using the symplectic form of C 2 . The generators 
of sp(l,C) corresponding to h 2 + , — h 2 _ , —h + V h- under this identification are precisely 
d ++ , d , do respectively. 
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3.3 Canonical distributions on harmonic space 

Let Sh = {(h+ , hJ)\h± = u±h a , (u±) G Sp(l, C)} be the harmonic space associated to a 
half-flat Grassmann manifold M. Here we have fixed a parallel symplectic frame (hi, h 2 ) 
of H* which defines the trivialisation Sh = M x Sp(l,C) of the holomorphic bundle Sh- 
In particular, the matrix coefficients u± of Sp(l,C) will be considered as holomorphic 
functions on Sh- Together with local coordinates (x 1 ) of M, we obtain a system (x\u±) 
of local (nonhomogeneous-homogeneous) coordinates on Sh- 

For any section e G T(E*) we define vector fields X± G 3C(Sh) by the formula 

x ±\(h+,h-) = e®h± , 

where Y stands for the horizontal lift of a tangent vector Y on M with respect to the 
connection V^. Since the frame h a is parallel, this horizontal lift coincides with the 
horizontal lift with respect to the splitting Sh = M x Sp(l,C). This shows that the 
vector fields X± are tangent to M x {(h + , h )} and hence annihilate u± . If h± — u±h a 
then X e ± = u%X% , where X e a :=e®h a . 

There exists a canonical decomposition 

TS H = T V S H © T>+ © T>_ 

of the (holomorphic) tangent bundle into the vertical sub-bundle T v Sh and two (holomor- 
phic) distributions T) + and D_ spanned respectively by vector fields X\ and X e _ associated 
with sections e of the bundle E*. The vertical distribution T v Sh is spanned by the vec- 
tor fields d , d ++ , d , which correspond to the standard generators of the Lie algebra 

sp(l,C). 

Lemma 3 The vector fields X± G X(Sh) satisfy the following commutation relations: 
[do, XI] = ±X e ± , [d ±± , X e ± ]=0, [d ±± , x e T ] = XI 

[xi, x!'] = x*"' xe+e ' - x+* x - e - f(^x%, ^xt) 

[XI, Xi] = xl^' - xl^ - f(^Xl, *.Xi) , (3.2) 

where T is the torsion of the Grassmann connection, T(X,Y) := T(X,Y) denotes the 
horizontal lift of the vector T(X, Y) and we have used the abbreviation Vje := V^e . 

Proof: The first three equations follow from X± = u±e © h a and the expression for the 
fundamental vector fields given in Lemma 2. To prove the last equation we first compute 
the Lie bracket of two vector fields X = e © h and X' = e' © h on M, where h is parallel: 

[X,X'] = V X X' - V X ,X - T(X, X') = (V x e' - V x >e) ®h-T(X,X'). (3.3) 
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Using this we calculate the commutator 

= (V.^je' ® h±)~- (V^e ® fc±)~- X|') 

= X ± "* X± -T{^Xl,^Xi) . 

The expression for [X^,Xf_'] follows similarly. □ 
We shall use the abbreviation T(X|,X£) := f (vr,X|, ir*X£). 

Proposition 2 T/ie following conditions are equivalent: 

i) For any parallel section h e t/ie distribution E* ® h on M is integrable. 

ii) The distribution T> + (associated to any parallel frame (hi,h 2 )) on Sh is integrable. 
Hi) The distribution T>_ on Sh is integrable. 

iv) The holomorphic Grassmann structure is admissible, i.e. it has admissible connection. 

Proof: The formula (3.3), where h is parallel shows that the distribution E*®h is integrable 
if and only if 

T(E* ®h,E* ®h) C E* ®h . (3.4) 

Using the decomposition (3.1), one can check that this condition is satisfied for all parallel 
sections h if and only if the connection is admissible. This proves the equivalence of i) and 
iv). Since 7r* {X%\{h+,h-)) — e ® h+, the last equation in (3.2) shows that the distribution 
T) + is integrable if and only if (3.4) holds for all h. Thus i) is equivalent to ii). The 
equivalence of i) and iii) is proved similarly. □ 

4 Construction of half-flat connections over half-flat 
Grassmann manifolds 

4.1 Half- flat connections over half- flat Grassmann manifolds 

In this section we describe the harmonic space method [GIOS] for constructing half-flat 
connections V (Def. 6 below) in a holomorphic vector bundle v : W — > M over a complex 
manifold M with admissible half-flat holomorphic Grassmann structure. The basic ingre- 
dient of the construction is the lift of geometric data from M to S H via ir : S H — > M . Let 
V be a holomorphic connection in a holomorphic vector bundle v : W — > M. Its curvature 

F(e ®h a ,e'® hp) = uj H (h a , h p )F^ + F [ ^' ] , (4.1) 



17 



where (hi, h 2 ) is the fixed parallel local frame of H* and e, e' are local sections of E*. The 
curvature component F^ ee '^> is symmetric in e, e' and F^l ' is skew in e, e' and symmetric 
in Lifting (4.1) to Sh we obtain the curvature of the pull-back connection 7r*V in 

-k*v : ir*W — > with components, F(u , • ) = , Vi; G T V S H , together with 

F(Xl,Xt) = Fg}:=u%ulFM 

F(X% Xt) = F^ + F| e !' ] := F^ + u a + u p _F [ ^ ] . 

Definition 6 A holomorphic connection V in a holomorphic vector bundle v : W — > M 
over a complex manifold M with holomorphic Grassmann structure, T*M = E ® H , is 
called half-flat if its curvature F satisfies the equation 

F(e ®h a ,e'® hp) = co H (h a , h p )F^ , (4.2) 

where (hi,h 2 ) is a parallel local frame of H* and F* 66 ') is symmetric in the local sections 
e,e' ofE*. 

Note that (4.2) is equivalent to (2.9). From this definition it follows that for any h £ H* 
we have F(e <S> h , e' <g) h) — . 

Definition 7 A connection in a holomorphic vector bundle W — * Sh over harmonic 
space Sh is called half-flat if its curvature F satisfies the equations 

F(X%,Xi) = 

F(X%Xt) = F (ee,) 

F(X e _,Xt) = 

F(v, ■ ) = , \Jv£T v S H , (4.3) 

where F^ ee " ) is symmetric in the local sections e, e' of E* . 

Definition 8 Let v : W — > M be a holomorphic vector bundle and V a connection in 
7r*z/ : n*W — > Sh, where ir : Sh — > M. A local frame of ts*v defined on -k~ 1 (U), where U 
is an open subset of M , is called a central frame with respect to V if it is parallel along the 
fibres of the bundle it : Sh — > M. 

Remark: If x — (Xit ■ -Xr) is a local frame of v then n*x will be a central frame 
with respect to the pull-back 7r*V of any connection V in v. The connection 1-form A 
of 7r*V with respect to the frame ir*x satisfies A(v) = , A(X±) = u^_A e a , where v 
is any vertical vector and A e a = A(X^) is a matrix-valued function on M. Conversely, 
any connection satisfying these conditions is the pull-back of the connection over M with 
potential A(X e a ) = A e a . 
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Proposition 3 Let tx : S — > M be any fibre bundle with simply connected fibres over a 
simply connected manifold M. There is a natural one-to-one correspondence between gauge 
equivalence classes of connections V M in the trivial bundle C r xM and gauge equivalence 
classes of connections V s in C r xS satisfying the curvature constraint F(v, ■ ) = for all 
vertical vectors v. 

Proof: It is clear that the pull-back V s = 7r*V M to S of a connection V M defined over 
M satisfies the curvature constraint. To prove the converse, we will apply the following 
elementary lemma to the connection 1-form A of a connection V over N = S. 

Lemma 4 Let n : N — > M be a submersion with connected fibres and a a p-form on 
N. Then a is the pull-back ir*f3 of a p-form (3 on M if and only if the inner products 
L v a = L v da = for all vertical tangent vectors v. 

Since the connection V 5 is flat along the (simply connected) fibres of 7r there exists a central 
frame ip = (ipi, . . . , if) r ) for V 5 . Let A be the connection 1-form of V with respect to this 
central frame. We then have A(v) = for any vertical vector v and the curvature condition 
F(v, ■ ) = implies dA(v, • ) = 0. Now the above lemma shows that A is the pull-back of 
a 1-form B on M, which defines a connection V M in the trivial bundle C r x M. Since any 
two central frames differ by a gauge transformation which is a matrix-valued function on 
M the connection V M is well defined up to a gauge transformation. The pullback 7r*V M is 
gauge equivalent to V s since it has the same expression with respect to the standard frame 
of C r x S (which is the pull-back of the standard frame of C r x M) as V with respect to the 
central frame ip. It is clear that the pull-backs of gauge equivalent connections over M are 
gauge equivalent connections over S. Applying a gauge transformation to a connection V 5 
which has connection 1-form A with respect to a central frame we get a new connection 
(V s )', which has the same connection form A with respect to the transformed frame ip'. 
The frame vp' is therefore central with respect to (V s )' and the two connections V 5 and 
(V s )' define the same gauge equivalence class of connections over M. □ 

Proposition 4 Let v : W = C r x M — > M be a trivial vector bundle over a complex 
manifold M with admissible half- flat holomorphic Grassmann structure and k*v : n*W = 
C r x Sh — > Sh its pull-back to Sh- Then any half-flat connection over Sh is gauge 
equivalent to the pull-back of a half-flat connection over M. 

Proof: It is clear that the pull-back of a half-flat connection is half-flat. To prove the 
converse, we apply Proposition 3, by which a half-flat connection V s over Sh is gauge 
equivalent to a pull-back connection 7r*V M , which is necessarily half-flat. This implies 
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that V M is half-flat. In fact, if the connection V M were not half- flat then it would have 
a nontrivial curvature component F^^ which would imply that its pull-back 7r*V M has 
for instance a nonzero curvature component But this is impossible since 7r*V M is 

half-flat. □ 

Corollary 1 The connection 1-form A of a half-flat connection over Sh with respect to 
a central frame ip has the form 

A(v) = Q , A{X e ± )=u a ± Al, 

where v is any vertical vector and A e a = A(X^) is a matrix-valued function on M. 

Remark: This shows that the half-flat connection is completely determined by the po- 
tential in the 2) + -direction, A(X+) = u+A^, with respect to a central frame. 

Proof: This follows from Proposition 4 and the remark following Definition 8. □ 
4.2 The construction 

In this section we construct half-flat connections in a bundle v : W — > M over a manifold 
M with a half-flat admissible Grassmann structure. First we define the weaker notion of 
an almost half-flat connection over Sh and show how to construct all such connections 
from appropriate prepotentials. Then we show that any almost half-flat connection over 
Sh may be used to construct a half-flat connection on M. Since our construction is local in 
M, we shall assume that the bundles ir, v and 7rV are trivial, i.e. n : M x Sp(l, C) — > M, 
v : M x C r -> M and ttV : S H X C r -> S H - 

4.2.1 Construction of almost half-flat connections 

The restriction of a half-flat connection to a leaf of the integrable distribution (T> +: d ) is 
clearly flat. 

Definition 9 A frame ip±, ...,tp r in the holomorphic vector bundle tx*v : C r x Sh which 
is parallel along leaves of the integrable distribution (T) + , <9 ) is called an analytic frame. 

With respect to an analytic frame a connection in the vector bundle n*u has components 

Vf = d 

Vf e = X\ 

V| ++ = d ++ + A ++ := d ++ + A(d ++ ) 

Vf__ = <9__ + A__ :=9__ + A(9__) 

V| e = X! + A(X e _) . 
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Definition 10 A connection's/ 8 over Sh is called almost half-flat if its curvature satisfies 
the following equations: 



F(X e + ,X e ;) = F(Xl,v)=0 , \JveT v S H 
F(d ++ ,-) = F(d ,-) = 0. 



(4.4) 



In fact, these equations are not independent; for instance the Bianchi identity with argu- 
ments (X + , d ++ , d ) together with F(d ++ ,d ) = F(d±±,X+) = implies the equation 

F(d ++ ,X1) = 0. 

Proposition 5 Any almost half-flat connection satisfies the following equation: 

F{X%,Xt) =F(X e l,X e _). 

Proof: Using the integrability of T>+ and F(X$,X*) = F(d^,X e + ) = 0, we obtain 
= [V s 9 __,F{Xl,Xi) 



v d- 



V s V s 



v »— ' V [xi,xf\ 



+ 



W XI > V ye' 



V 5 - V 5 

[xi,x*] [xx, xt] 



F(X e _,X e ') -F(X^,X1) . 



□ 



It follows that an almost half-flat connection is a generalisation of a half-flat connection, 
satisfying only those equations in (4.3), which involve curvatures with d ,d ++ or X^_ in 
one of the arguments. 

Proposition 6 An almost half-flat connection is half-flat if and only if it satisfies 
F(d^,X e _) = 0. 

Proof: By Proposition 5 an almost half-flat connection is required to satisfy all the half- 
flatness equations (4.3) with the exception of 

F(<9__,X1) = and F(Xi,Xt) = 0. (4.5) 

The second equation here follows from the first in virtue of the Bianchi identity with 
arguments (X+ , ,d ) . □ 

The following proposition shows that an almost half-flat connection is completely de- 
termined by the potentials A ++ and A with respect to an analytic frame. 
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Proposition 7 Let V s be an almost half-flat connection in the vector bundle n*u : 
C t xSh — > Sh with potentials A ++ , A and A{X e _) in an analytic frame. Then: 

(i) The potential A ++ is analytic and has charge +2, i.e. 

X e + A ++ = , d A ++ = 2A ++ . (4.6) 

(ii) The potential A satisfies 

8 ++ A__ - d—A ++ + [A++, = , d A__ = -2A__ . (4.7) 

(Hi) The potential A(Xt) is determined by A and has charge —1: 

A(X e _) = -X\A^ , d A(X e _) = -A(X e _) . (4.8) 

Conversely, any matrix-valued potentials A ++ , A and A(Xt) satisfying (4.6), (4.7) and 

(4.8) define an almost half-flat connection. 

Proof: (i) The curvature constraints F(X+ , d ++ ) = , F(d , <9 ++ ) = 0, in an analytic 
frame, take the form (4.6). 

(ii) The further almost half-flatness conditions, F{d ++ , d ) = F(d , d ) = give equa- 
tions (4.7) for the potential A 

(iii) Having obtained A , we can find A(Xt) from the equations F(X+ , d ) = 

F(d , Xt) = , which take the form 

X%A^ = A([X%d—\) = -A{X e _) , d Q A(X e _) = -A(X e _) . (4.9) 

The second equation follows from the first. □ 
We can now write an algorithm for the construction of all almost half-flat connections: 

Theorem 4 Let A ++ be an analytic prepotential, i.e. a matrix-valued function on a 
domain U = 7r~ 1 (l / ) C Sh, where V C M is a simply connected domain, satisfying (4.6). 
Let $ be an invertible matrix-valued function on U which satisfies the equations 

«9 ++ $ = , <9 $ = . (4.10) 

It always exists. The pair (A ++ , $) determines an almost half-flat connection V s = 

_ jf s potentials with respect to an analytic frame are given by A ++ , A = 

— (d $)$ _1 and A(Xt) = —X+A . Conversely, any almost half-flat connection is 

of this form. 

Proof: We consider the connection defined by A ++ and A(d ) = along an orbit sB of 
the Borel subgroup of SL(2, C), 



B 



tn t\ 
to 1 



t e C*, h e C }2* C* x C (diffeomorphic) 
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It is flat since the second equation of (4.6) is equivalent to F(d , d ++ )=0 (vanishing of 
the curvature along sB). Moreover it has trivial holonomy since the fundamental group 
of B = C*xC coincides with the fundamental group of the C*-factor and the potential 
is zero in direction of do which is tangent to C*. An invertible solution to the system 
(4.10) exits and defines a parallel frame $ with respect to the flat connection with trivial 
holonomy defined along each orbit of the Borel group. Since the space of Borel orbits in 
U is diffeomorphic to V x CP 1 and is therefore simply connected, a solution $ exists on 

the domain U. Now, given any such solution of (4.10), we define A := —{d $)$ _1 . 

This solves (4.7), since F(d±±,d ) = F(d ++ ,d ) = is the integrability condition for 

the system <9±±<E> = — A±±$, <9 $ = 0. Finally, we define A{Xt) '■= —X\A , obtaining 

an almost half-flat connection by Proposition 7. Now the converse statement follows also 
from Proposition 7. □ 



4.2.2 Transformation to the central frame 

Since an almost half-flat connection V = V s is flat in vertical directions, it admits a 
central frame ip. The following lemma shows that the solution $ of equation (4.10) gives a 
gauge transformation from an analytic frame tp to a central frame ip = </?$ for the almost 
half-flat connection V ( - j4++ ' <I> - ) . 

Lemma 5 Let V = V < - A++,<I> - ) be the almost half-flat connection associated to the analytic 
prepotential A ++ with respect to the analytic frame if and an invertible solution <3> o/(4.10). 
Then the frame ip := ip$ is a central frame for the connection V, i. e. the potentials C(d±±) 
and C(8q) with respect to that frame vanish. 

Proof: The result follows from the pure gauge form of A(d±±) and A(d ) and the trans- 
formation law (2.3) for potentials. □ 

With respect to the central frame ip, the almost half flat connection constructed above 
takes the form: 

V|e = X% + C(X e + ) = X% + $- x X% $ 

< V|e = X e _ + C{X e _) = X e _ + Q-i-XiQ + Q-t-X* (d—®®- 1 ) $ 

k Vg ++ = d ++ , Vf__ = 9__ , Vf = d . 

Moreover, the equations F{d ++ , X^) = F(d , X+) = imply that the potential C(X^) 
satisfies the equations 

d ++ C(Xl)=0, d C(Xl) = C(Xl). (4.11) 
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4.2.3 Construction of half-flat connections 



We assume now that the analytic prepotential A ++ is defined globally along the fibres of 
7r : Sh — > M. Then, restricting M to an appropriate domain, we may assume that A ++ 
is defined globally on Sh- The previous construction then provides an almost half-flat 
connection over Sh- Using this connection, we may construct a half-flat connection on M. 
The crucial point is the following: 

Proposition 8 The potential C(X+) of an almost half-flat connection V with respect to 
a central frame is linear in u+ , namely, 

C(Xl)=ulC(Xe)=:u a + C:, (4.12) 

where (x\ u") are the local coordinates associated with the trivialisation Sh = MxSp(l, C) 
and C e a = C^(x % ) is a matrix-valued function on M. 

Proof: Due to equations (4.11), the result follows from: 

Lemma 6 i) If a holomorphic function f + , defined on some domain 

U c K + 0} C Sp(l,C) = jit = (^J ; detlt = 1 

satisfies 

d ++ f + = 0, d f + = U, (4.13) 

then f + = u^_f a (^r). Here f a (^r) are holomorphic functions on U invariant under the 
right action of the Lie algebra of upper-triangular matrices. 

ii) Moreover, if the function f + is globally defined, then it is linear in u°j_, i.e. f + = 

U+fa, fa = COnst. 

Proof: i) One can immediately check that /+ = u+f a (^-) is a solution of (4.13). We 
note that the quotient of any two solutions of (4.13) is a solution of the corresponding 
homogeneous system, 

d ++ f = 0, d o f = 0. (4.14) 

It is sufficient to check that any solution of (4.14) is a function of u\/u 2 + . To prove this 
we use the local factorisation of Sp(l,C) into the product of a Borel subgroup B and a 
nilpotent subgroup as follows: 



u\ u 1 



u 2 , u 2 
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Then c = u\ju\ and do, d ++ are generators of the right action of H>. This implies that the 
solutions of (4.14) are precisely the local functions on Sp(l,C) invariant under the right 
action of 23. In terms of the local coordinate system (a,b,c) on Sp(l,C) such functions 
are functions of c = u\ju\ alone. 

ii) The restriction V|s p (i) to Sp(l) of any irreducible Sp(l, C)-module V of holomorphic 
functions is a (finite dimensional) irreducible Sp(l)-module of smooth functions on Sp(l). 
The condition (4.13) shows that /+ is a highest weight vector with weight +1. Hence 

/+ generates a 2-dimensional submodule (/+) = span{/ + ,/_ := d /+} of holomorphic 

functions. It remains to show that any two dimensional module of holomorphic functions 
on Sp(l, C) is spanned by linear functions. We know two such modules, generated by the 
highest weight vectors u\ and u 2 + respectively. On the other hand, by the Peter- Weyl 
Theorem the multiplicity of the two-dimensional irreducible representation of Sp(l) in 
L 2 (Sp(l)) is 2. □ 

Using Proposition 8, with respect to a central frame, we can write = X+ + u"C^ 
where the coefficients C e a = C%(x % ) are matrix valued functions of coordinates x l on M. 
Using them we define a new connection in the trivial bundle C r x Sh over Sh by 

Vxj = X e ± + ulC% 
V 9±± = <9±± , V 9o = <9 . 
Our main result now follows: 

Theorem 5 Let M be a complex manifold with a half-flat admissible Grassmann struc- 
ture. Let A ++ be an analytic prepotential, i.e. a solution of (4.6), and $ an invertible 
solution of (4.10). Then the connection V = V < - A++ ' <I> - ) constructed from the data (A ++ , $) 
is a half-flat connection in the trivial vector bundle C r x Sh — > Sh and it is the pull-back 
of the following half- flat connection V M in the bundle C r x M — > M: 

V^=X e a + C e a . (4.15) 

Conversely, any half-flat connection over S (or M) is gauge equivalent to one obtained 
from the above construction. 

Proof: The remark after Definition 8 shows that the connection V is the pull-back of the 
connection V M . It suffices now to show that V M is half-flat. Note that the connections 
V and V coincide in the direction of X\. Hence, using C\ := u\C e a , we have 

o = f v (x;,x;') = f*(xi,x%) 

= x\ci - X%C\ + [C% , C%] - C{ [x% , x%] ) 

= u\u% (XIC$ - X$Cl + [CI , C$] - C{ [XI , X$] )) 
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since X+u^ = 0. This shows that the curvature F vM (X^ , XJj') is skewsymmetric in a, (3, 
i.e. it belongs to A 2 H ® S 2 E ® End W. In other words, the connection V M is half-flat. 

Conversely, let V 5 be a half-flat connection over Sh- By Proposition 4 we may assume 
that it is a pull-back of a half-flat connection V M over M. Since the restriction of V 5 
to the leaves of (T> + ,d ) is flat, there exists an analytic frame (i.e. a frame such that 
A(X^_) = A(d ) = 0, in which the potential A(d ++ ) satisfies the equations (4.6)). Since 
V 5 is flat along the (simply-connected) fibres, there exists an invertible solution $ to the 
system 

<9 ++ $ + A ++ $ = <9__$ + A__$ = <%$ = 0. 
This shows that V 5 is gauge-equivalent to the almost half-flat connection V^ A++ '*^ = 

v( A ++<*). □ 



4.3 Application to hyper-Kahler manifolds with admissible tor- 
sion 

The above construction can be applied to the complexification of hyper-Kahler mani- 
folds. Recall that any hyper-Kahler manifold admits a (locally defined) Grassmann struc- 
ture T* C M = E <S> H, such that the Levi-Civita connection on the cotangent bundle 
V = V E ® Id + Id ® V H is half-flat, i.e. the connection is flat. Since the hyper- 
Kahler metric is Ricci flat, hence analytic, we may, using analytic continuation, extend 
the manifold M to a complex manifold M c with holomorphic extension of the hyper-Kahler 
structure, in particular, we have a holomorphic Ricci flat metric on M c with holonomy in 
Sp(n, C) and half-flat Grassmann structure. This Grassmann structure is admissible since 
the Levi-Civita connection on M has no torsion. Hence we can apply the harmonic space 
method to construct half-flat connections on holomorphic vector bundles W — > M c . The 
complex version of Proposition 1 shows that such connections are Yang-Mills connections. 
More generally, the method of construction of half-flat connections extends to real ana- 
lytic (possibly indefinite) hyper-Kahler manifolds with admissible torsion, i.e. with torsion 
which has zero component in S 3 H £g> E* <g> A 2 E. A hyper-Kahler manifold with admissible 
torsion is defined as a pseudo-Riemannian manifold (M, g) with a linear metric connec- 
tion V with holonomy in Sp(/c,Z) which has admissible torsion. As in the (torsionfree) 
hyper-Kahler case there exists a parallel 4-form given by Q = ^ a u a A u a , u a := g( J a -, •), 
and half-flat connections are characterised as connections with curvature in V\ 1 <E> End W, 
where V\ 1 is the Ai-eigenspace of the endomorphism Bq associated to Q. If the form Q 
is co-closed then any half-flat connection will be (Q, Ai)-self-dual and thus a Yang-Mills 
connection. We remark that co-closedness of Q is equivalent to a linear Sp(/c, Z)-invariant 
condition on the torsion. 
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5 Generalisation to higher-spin Grassmann manifolds 



5.1 Higher-spin Grassmann structures 

The construction discussed in the previous section is in fact the m—1 specialisation of 
a more general construction of connections on spin y Grassmann manifolds, which we 
discuss in this section. These manifolds were considered in [AG]. 

Definition 11 A spin y Grassmann structure on a (complex) manifold M is a holo- 
morphic Grassmann structure of the form T*M = E <g> F = E <g> S m H , with a holomor- 
phic Grassmann connection V = V E <8> Id + Id <8> V F , where H is a rank 2 holomorphic 
vector bundle over M with holomorphic symplectic connection V H and symplectic form 
ujh G r(A 2 i/) ; and V F is the connection in F = S m H induced by V H . M is called 
half-flat if the connection V F is flat. 

The bundle S m H is associated with the spin y representation of the group Sp(l, C). Any 
frame (hi, h 2 ) for H* defines a frame for S m H* , (Ha '■= h ai h a2 ■ ■ ■ h am ), where the multi- 
index A :— aia 2 ■ ■ ■ a m , ai = 1,2. The V^-parallel symplectic form uj h on H* induces a 
bilinear form oj^ on F* = S m H* given by 

u%(h A ,h B ) := &&u H (h ai ,hp 1 )ujH(h a2 ,h^)---ujH(h am ,hp m ) , 

where &a denotes the sum over all permutations of the a's. This form is skew-symmetric 
if m is odd and symmetric if m is even. To any section e G T(E*) and multi-index A we 
associate the vector field X\ := e <8> Ha on M. 

The construction of half-flat connections described in section 4.2 may be adapted to 
obtain certain 'partially flat' connections in vector bundles W — > M, provided that the 
torsion of V obeys certain admissibility conditions. 

Definition 12 Let (M, V) be a half-flat spin y Grassmann manifold. For any section 
e G T(E*) we define vector fields 

Xl m _ 2i)+ := u a J.--u a Ju a ^---u a + -X\ if m-2t>0 

X^_ m) _ := u^---u^uT l ---uTX\ if m-2t<0 

on the principal bundle Sh of symplectic frames in H . The distribution spanned by these 
vector fields is denoted by D k+ := (Xj? + ) for k>0 ,k = m mod 2 and D k _ := (Xj?_) for 
k>0 ,k = m mod 2. We define also 

k 

i=0 
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The Grassmann connection V is called k-admissible if it preserves the distribution D* ± y 
i.e. 

T {<D\ ±) ,<D\ ±) ) C Df ±) . (5.1) 
The Grassmann manifold (M, V) is called k-admissible if the connection V is k-admissible. 

For small m we shall write Xfi, X+, XZ, X+ + etc. instead of Xq + , Xf + , X{_, X% + etc. 

Proposition 9 Let (M, V) be a half-flat spin y Grassmann manifold. Then the distri- 
bution 2)( ± ) is integrable if and only if the torsion of the Grassmann connection V satisfies 
equation (5.1). 



The proof is similar to that of Proposition 2. 



5.2 Partially flat connections over higher-spin Grassmann mani- 
folds 

Let (M, V) be a half-flat spin y Grassmann manifold and v : — > M a holomorphic 
vector bundle. Since our constructions are local we will assume that W is trivial. In the 
higher spin (m > 1) case, there exists, as a natural generalisation of the notion of a half- 
flat connection, the more refined notion of a fc-partially flat connection in v. The space of 
two-forms A 2 T*M has the following decomposition into GL(E) ® Sp(l, C)-submodules: 

A 2 T*M = A 2 (E® S m H) = A 2 E <g> S 2 S m H © S 2 E <g> A 2 S m H , 

where 

5-2^^ = 5 2m^ uJ 2 H S 2m - 4 H © •••©c4 f] S 2m - 4[ ^ ] i/ 

A 2 ,S m iJ = u H S 2m ~ 2 H @ u%S 2m - Q H@..-@up ]+1 S 2m -^- 2 H. 

Here we use the convention that S l H = if I < 0. 

Let V be a connection in the vector bundle W — > M. Its curvature has the follow- 
ing decomposition, corresponding to the above decomposition of A 2 T*M into irreducible 
GL(E)-Sp(l, C)-submodules: 

f{x%x%) = ee ^2(uj H (h ai ,hp 1 )---uj H (h a2k ,hp 2k ) f a e 2k+1 ... amf 3 2k+1 ...p rn 

k=0 

(2fc+l) 



+w H (/i Ql , hp 1 )---WH(h a2k+1 ,h{ hk+1 ) F * e J +2 ... am p 2k+2 ...p m )i (5-2) 
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where the tensors F G T(A 2 E <g> S 2m ~ Ak H) and F G r(S 2 £ <g> S 2m ~ 4k - 2 H). 
We note that half-flat connections are those which satisfy the conditions 

(2i) 

F = , for all i G N. (5.3) 

For m>l these conditions are not suitable for application of the harmonic space method. 
However, the following more refined restrictions on the curvature are amenable to the 
method (c.f. [DN1]). 

Definition 13 A connection V in the vector bundle v : W — > M is called Impartially flat 

(i) 

if p= for all i < 2k. Here < k < 

Clearly, -partially flat connections are simply flat connections. We note that for 
m—1 , O-partially flat connections are precisely half-flat connections. For general odd 
m=2p+l , O-partially flat connections in a vector bundle v over flat spaces with spin y 
Grassmann structure were considered by Ward [W] . He chose E to be a rank 2 flat bundle 
and showed that O-partially flat connections, for m>l, do not correspond to Yang-Mills 
connections. Therefore, in our more general setting, we clearly cannot expect O-partially 
flat connections to satisfy the Yang-Mills equations for m>l. On the other hand, the 
penultimate case, k — [y], is particularly interesting for odd m: 

Theorem 6 Let M be a half-fiat spin y Grassmann manifold M. If m is odd and the 
vector bundle E* — > M admits a V s -parallel symplectic form oje, then M has canonical 
Sp(E)-Sp(H) -invariant metric g = oje ® oj^j and A-form Vt ^ 0. If Q is co-closed with 
respect to the metric g, then any -partially flat connection V in a vector bundle W 
over M is (Q, A) -self-dual and hence it is a Yang-Mills connection. 

Proof: To describe f2 we use the following notation: e a is a basis of E*, h a is a basis of 
H*, h A is the corresponding basis of S m H* and X aA := e a ®h A the corresponding basis of 
TM = E* <S> S m H*. With respect to these bases, the skew symmetric forms u E , lo h and 
ui^j are represented by the matrices u a b, oj a p and ujab respectively. We define Vt by 

n : = "cd w AC oo bd X aA A X hB A X cC A X dD , 

where X aA is the basis dual to X aA . This form is obviously Sp(F)-Sp(if )-invariant since we 
used only u E and ujh in the definition. One can easily check that Q ^ 0. The connection 
V is !I yi-partiah 1 y flat if and only if its curvature F belongs to the space 

S 2 E®u^® End W C S 2 E® A 2 S m H® End W C A 2 (E®S m H) ® End W. 
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Here we use the decomposition 

A 2 S m H = uj H S 2m - 2 H © Lo 3 H S 2m - 6 H © ... © Ccu™. 

The Sp(i?)-Sp(if)-submodule S 2 E^>uj r g C A 2 T*M is irreducible. Therefore it is contained 
in an eigenspace V\ of the Sp(i?)-Sp(if )-invariant operator Bq, : A 2 T*M — > A 2 T*M. 
It remains to check that A 7^ 0. By Lemma 1 it suffices to compute the contraction 
K = K cCdD X cC X dD of a tensor S = S ab u AB e a e b © h A h B in S 2 E © cug with Q: 

— KcCdD = S ab U AB (UabUJcdUJAC^BD + ^ac^db^AD^CB + ^ad^bc^AB^DC ~ ^ba^cd^BC^AD 
—^bc^da^BD^CA ~ ^bd^ac^BA^DC ~ ^ca^bd^CB^AD ~ ^cb^da^CD^BA 
—^cd^ab^CA^DB + ^da^bc^DB^AC + ^db^ca^DC^BA + ^(fc^aft^DA^CB) 

= 4(m + l)ScdU)cD ■ 

Here a; afe and a; AS denote the inverses of u; afe and 00 ab and S*" 6 = uo aa ' uo bb ' S a >v ■ We have used 
that S ab oo AB is skew symmetric under interchange of a A with 65 and that uo ab ujab= — 
(m + 1). The above calculation shows that A= — 4(m + l) 7^ and hence any ^^-partially 
flat connection is A)-self-dual and is a Yang-Mills connection by Theorem 1. □ 

The analogous result does not hold if m is even. 

Proposition 10 Ifm is even and the vector bundle E*-^M admits a V E -parallel metric 
je, then M has canonical SO(E)-Sp(H)-invariant metric g = 7#©u;# and 4-form fl 7^ 0. 

Proof: Analogously to the case of m odd, we can define fl by 

fl:=J2lab led ujac ^bd X aA A X bB A X cC A X dD . 
Here 7^ = 7,e(e a ,eb) and we recall that for even m the bilinear form uj} is symmetric: 

LOAB = ^BA- □ 

For even m, a connection V in a vector bundle W over M is y-partially flat if and only 
if its curvature F belongs to the space 

(a 2 E®u™ © S 2 E®S 2 H®u%- 1 ^)® End W 

C ( K A 2 E®S 2 S m H © S 2 E® A 2 S m #)©End W = A 2 {E®S m H) © End W. 

The SO(£)-Sp(#)-submodule A 2 E ®uj^@ S 2 E ® S 2 H ®oo^ 1 C A 2 T*M is not irreducible, 
so unlike the odd m case we cannot conclude that it is contained in an eigenspace V\ of 
the SO(£)-Sp(#)-invariant operator B n : A 2 T*M -> A 2 T*M. In fact, examples are 
known (see Appendix B of [DN2]) where Bq has different eigenvalues on each irreducible 
summand of A 2 T*M. Therefore in the case of even m we cannot expect that ^-partial 
flatness implies the Yang-Mills equations. 
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5.3 Construction of partially flat connections over higher spin 
Grassmann manifolds 

Now we generalise the construction of half-flat connections over admissible half-flat Grass- 
mann manifolds to the case of /c-partially flat connections over /c-admissible higher spin 
Grassmann manifolds M. The natural extension of the harmonic construction given in 
section 4.2 yields /c-partially flat connections in the vector bundle v over the /c-admissible 
spin y Grassmann manifold M. Again, we lift the geometric data from M to Sh via 
the projection tt : Sh — > M. The pull back 7r*V of a /c-partially flat connection V in 
the trivial vector bundle i/:W / = C r xM^Misa connection in the vector bundle 
tt*u : n*W — > Sh which satisfies equations defining the notion of a /c-partially flat gauge 
connection on Sh- One can also define the weaker notion of an almost /c-partially flat 
connection in i\*v : n*W — > Sh- The latter may be constructed from a prepotential and it 
affords the construction of a /c-partially flat connection in the bundle W — > M. To simplify 
our exposition we explain the construction in the m=3 case. Here the decomposition (5.2) 
of the curvature tensor takes the form 

-F^iaaaa'^/Siftfe) = & & (^F aiLasPifafh + U H(h ai , hfc) F azJsfoPs 

(2) ,n 

+u} H (h ai ,hp 1 )u H (h a2 ,h l 3 2 ) F 

(3) \ 

+u}H(ha l ,hp 1 )uH(h a2 ,h (32 )uH(h a3 ,h ( 3 3 ) F (ee ' } J . (5.4) 

In this case we have two nontrivial notions of partial flatness: 

(o) 

0- partial flatness : F— (5.5) 

(0) (1) (2) 

1- partial flatness : F = F= F= . (5.6) 

Clearly, 2-partial flatness is tantamount to flatness. By Theorem 6, a 1-partially flat 
connection is a Yang-Mills connection. 

5.3.1 Construction of 0-partially flat connections 

Let M be a 0-admissible spin | Grassmann manifold with a 0-partially flat connection 
V (satisfying (5.5)) in a holomorphic vector bundle W — * M. The pull-back of such a 
connection V to a connection in the bundle n*W — > Sh, where tt : Sh — > M, has curvature 
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F with components given by: 
F(X* ±±± ,Xi ±± ) = 

= ±12 F ( ::2 M uTuTul^ =: ±12 £ gL 

= : se^r+^r'+Fr 
f(x^ ±± ,x;') = < i < 2 < 3 4 i < 2 < 3 ^(^ ia2aa ,^;, 2A ) 

= ±24 F ±± } + 12 F ±± 

= 12 F J, ee ' } - 4 F If 6 ' 1 - 12 F J, 660 

= 0, (5.7) 
where are vertical vector fields on Sh- The form of these components lead us to: 

Definition 14 A connection in a holomorphic vector bundle W — > Sh is 0-partially flat 

if its curvature satisfies the equations, 

F(X e ±±± ,Xi ±± ) = 

F(X e ±±± ,Xi) = F(Xi ±± ,X e ± ) 

F(X e ± ,Xi) = -F(Xi,X e ± ) 

F(v,-) = , Vv e VSh ■ 

The restriction of a 0-partially flat connection to a leaf of the integrable distribution 
do) is clearly flat. In this case, an analytic frame in the holomorphic vector bundle 
ti*u : C r x Sh — > Sh is a frame which is parallel along leaves of this integrable distribution. 
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V? 



With respect to such a frame, a connection in the vector bundle 7rV can be written as 

= d 

= x +++ 
= XI + A{Xl) 

= d ±± + A(d ±± ) 

= X e ___ + A(X c i__) . 



V s 

v xi 

v 9±± 
V ye 



Definition 15 ^4 connection V 5 over S# is ca//ed almost O-partially flat if its curvature 
satisfies the following equations: 



++ ) = F(X* +++ ,v) 
F(d ,-) = 0. 



F(X e ± ,v) = , VveT v S H , 



(5.8) 



Following the construction of almost half-flat connections, we may construct almost 
O-partially flat connections, which allow deformation to a O-partially flat connection. As in 
the case of a half-flat connection (c.f. Proposition 7), an almost O-partially flat connection 
is completely determined by the potentials A±± =: A(d±±) with respect to an analytic 
frame. 

Proposition 11 Let V be an almost O-partially flat connection in the vector bundle 

7rV : C v xSh — > Sh with potentials A ++ , A , A(X±) and A(Xt ) in an analytic 

frame. Then: 

(i) The potential A ++ is analytic and has charge 2, i.e. 



d A ++ = 2A ++ . 



(5.9) 



X e +++ A ++ = 

(ii) The potential A satisfies 

d ++ A__ - d__A ++ + [A++, A__] = , d A__ = -2A__ . (5.10) 

(Hi) The potentials A(X±) and A(Xt ) are then recursively determined as follows: 

A(X%) = -\X% ++ A__ 

AtXt) = \{d^A{Xl)-XXA^ + [A^A{Xl)]) 
A(X e ___) = d—A(X e _) -X e _A__ + [A—,A(Xi)] (5.11) 

and they have charges +1,-1 and —3 respectively, i.e. 

d A(X e ± ) = ±A(X e ± ) , d A(X e ___) = -3A(X e ___) . (5.12) 

Conversely, any set of matrix-valued potentials A ++ , A , A(X±) and A{X e _ ) satisfying 

(5.9)-(5.12) define an almost O-partially flat connection. 
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Proof: (i) The curvature constraints F(X+ , d ++ ) = , F(d , d ++ ) = 0, in an analytic 
frame, take the form (5.9). 

(ii) The further almost O-partial-flatness conditions, F(d ++ , d ) = F(8q , d ) =0 give 

equations (5.10) for the potential A . 

(iii) Having obtained A , we can find A(X±) and A(X e _ ) from the equations 

F(«9__,X; ++ ) = <* -X e +++ A^ = A([d^,Xl ++ ]) = 3A(Xl) 

f(9__, x e + ) = o & d__A(x;)-x;A__+L4__, A(x°)]=A([d—, x%\) = 2A(x e _) 

F(d—,X e _) = & d—A(X e _)-X e _A^+[A^,A(Xt)]=A([d^,X e _]) = A(X e ___) . 

Equations (5.12) follow from (5.11). □ 

Now, using this proposition, a modification of Theorem 4 gives an algorithm for the 
construction of all almost 0-partially flat connections. 

Theorem 7 Let A ++ be an analytic prepotential, i.e. a matrix-valued function on a 
domain U = n^iV) C Sh, V C M a simply connected domain, satisfying (5.9), and $ 
an invertible matrix-valued function on U which satisfies the equations 

= , <9 $ = 0. (5.13) 

Such a function $ always exists. Then the pair (A ++ , $) determines an almost 0-partially 
flat connection V s = V < - A++,<I> ' ) . Its potentials with respect to an analytic frame are given by 

A ++ , A = — (<9 $)$ _1 and (5.11). Conversely, any almost 0-partially flat connection 

is of this form. 

The proof follows that for Theorem 4 and uses Proposition 11. 

To deform an almost 0-partially flat connection into a 0-partially flat connection, we 
need to find a transformation from the above analytic frame to a central frame. Analo- 
gously to Lemma 5 we may prove: 

Lemma 7 Let V = V < - A++ ' <I> - ) be the almost 0-partially flat connection associated to the 
analytic prepotential A ++ with respect to the analytic frame tp and an invertible solution 
$ of (5.13). Then the frame ip := y2$ is a central frame for the connection V, i.e. the 
potentials C(d±±) and C(d ) with respect to that frame vanish. 
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With respect to the central frame ip, the above almost O-partially flat connection then 
takes the form: 

v|e ++ = x; ++ + c{xi ++ ) = xi ++ + $ x; ++ 



V s 

v xt 

V s 



= X e ± + C(X e ± ) 

= x e ___ + C(x e ___) 

= d ++ , Vf__ = d__ . v 



Vl = d . 



where in terms of the analytic frame potentials A(X), the central frame potentials C(X) 
are given by C(X) = $ _1 A(JT)$ + $ _1 (X$). Moreover, the equations F(d ++ , X+ ++ ) = 
F(do , X+ ++ ) = imply that the potential C(X^ ++ ) satisfies the equations 



d ++ c{xx ++ ) = o , d c(xi ++ ) = 3C(x; ++ ) . 

The following proposition is analogous to Proposition 8 in the half-flat case. 



(5.14) 



Proposition 12 The potential C (X1 ++ ) of an almost O-partially flat connection V with 
respect to a central frame is cubic in u°i , 



(5.15) 



where the coefficients C^g = (x l ), symmetric in a, (3, 7, are matrix valued functions 
of coordinates x l on M and (x l ,u±) are the local coordinates associated with the triviali- 
sation S H = M x Sp(l,C). 

With respect to a central frame, we can therefore write Vj= ++ = X+ ++ + u+u+ii\. C^ 7 . 
Using C^g , we now define a new connection in n*u over Sr by 



X% + u?uJulC^ 
+ ututulC^ 



= X e ___ + u«v?_ulC e n 



d. 



++ , 



do 



The following theorem is the analogue of Theorem 5 in the half-flat case. 

Theorem 8 The constructed connection V is a O-partially flat connection in tt*u over 
Sh and it is the pull-back of the following O-partially flat connection V M in v over M: 

V7M _ ye , fie 
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Proof: As in Lemma 1 we may show that the connection V is the pull-back of the 
connection V M . It then suffices to show that V M is O-partially flat. The connections 
V and V coincide in the direction of X+ ++ . Hence, using C+ ++ : = u'+u'+u'+C* ia , we 
have 

o = f v (x; ++ ,x;' ++ ) 

= F*{Xl ++ ,Xt ++ ) 

- U + U + U + U + U + U + y-^a^as^fcfcfo ^ PlfaPz^ 'a ia2 a 3 + L°aia 2 a3 ' /3l/3 2 /3 3 J 

-c([x^ ia2Ct3 , X| i/32/3 J) j 



a ln, a 2 rn £>3n,Pi„ l P2o l P3 pV M / ye ye' \ 

(0) 



since X^ ++ -u+ = 0. This shows that the component F — in the decomposition (5.4), i.e. 
the connection V M is O-partially flat. □ 

5.3.2 Construction of 1-partially flat connections 

Let M be a 1-admissible spin | Grassmann manifold with a 1-partially flat connection 
V (satisfying (5.6)) in a holomorphic vector bundle W M. The pull-back of such a 
connection to a connection in the bundle tt*W — > S#, where 7r : S H — > M , has curvature 
F with components given by: 

F(X^ ±± ,X^' ±± ) = 
= 

(3) 

F(X e +++ ,X e L_) = 36 F (ee ° 
F(X^ ±± ,X;') = 

(3) 

F{X%Xt) = -12 F (ee ' } 

F(u, •) = , (5.16) 

where v is any vertical vector field on Sh- A connection in a holomorphic vector bundle 
W — > is 1-partially flat if its curvature satisfies the above equations. The restriction of 
a 1-partially flat connection to a leaf of the integrable distribution (T) 3+ , D + , do) is clearly 
flat. In this case, an analytic frame in the holomorphic vector bundle n*is : C r x Sh — > 5*// 
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is a frame which is parallel along leaves of this distribution. With respect to such a frame, 
a connection in the vector bundle 7i~V can be written as 



V s 
V 5 



+++ 



= d 



- x +++ 



v <9++ 

V X e__ 

V ye 



= ^ 

= d ++ + A ++ 

= <9__ + A__ 

= X e ___ + A(X e ___) 
= XI + A(X e _) , 

with potentials A(X+ ++ ) = A(X^) = A(d ) = 0. We look for solutions of the system 
(5.16) in this analytic gauge. 

Definition 16 A connection V 5 over Sh is called almost 1-partially flat if its curvature 
satisfies the equations: 

F(Xl ++ ,Xi ++ ) = F{Xl ++) Xi) = F{X%Xi) = 

F(X e +++ ,v) = F(X e ± ,v) = F(d ++ , -) = F(d , -) = , \/veT v S H . (5.17) 
In virtue of these equations, the potentials A±± =: A(d±±) determine all other potentials: 

Proposition 13 Let V be an almost 1-partially flat connection in the vector bundle 

it*v : O* x Sh Sh with potentials A ++ , A , A(Xt) and A(Xt ) in an analytic 

frame. Then: 

(i) The potential A ++ is analytic and has charge 2, i.e. 



X +++ A ++ 







x c ;a ++ 



o 



d A 



++ 



2A 



(ii) The potential A satisfies 

d ++ A..-d-A ++ + [A ++ ,A. 







9qA. 



++ • 



-2A. 



(5.18) 



(5.19) 



(Hi) The potentials A(Xt) and A(X e _ ) are then recursively determined as follows: 



A(X e _) = -\X e A 



(5.20) 



A(X e ___) = d__A{X e _) -X e _A__ + [A__,A(X e _)\ 

and they have charges —1 and —3 respectively; i.e. 

d A{X e _) = ±A(X e _) , d A{X e ___) = -3A(X e ___) . (5.21) 

Conversely, any set of matrix-valued potentials A ++ , A , A{X e _) and A[X e _ ) satisfying 

(5.18)-(5.21) define an almost 1-partially flat connection. 
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Proof: (i) Equations (5.18) are equivalent to F(d ++ , X e +++ ) = F(d ++ , X e + ) = F(d , d ++ )=0. 

(ii) The further almost 1-partial-flatness conditions, F(d ++ , d ) = F(d , d ) = give 

equations (5.19). 

(iii) Having obtained A , we can find A(Xt) and A(X e _ ) from the equations 

F(<9__,X;) = <£> -X%A^ = A{[d—,X e + \) = 2A(X e _) 

F(d__,X e _) = <=> d__A(X e _) - X e _A__ + [A__, A{X e _)\ = X e _}) = A(X e ___) . 

The equations (5.21) follow from (5.20). □ 

Now, starting from a prepotential A ++ , which solves (5.18), we may construct an almost 

1-partially flat connection. The potential A = — (<9 $)$ _1 is determined, as before, 

from a solution $ of (5.13). Then, with the remain potentials in an analytic frame being 
given by (5.20) and satisfying (5.21), all the other equations in (5.17) follow. This shows 
that a almost 1-partially flat connection is determined by an arbitrary analytic prepotential 
A ++ and an invertible solution $ of (5.13). As before, $ is a transition function from an 
analytic frame to a central frame, in which the above almost 1-partially flat connection 
takes the form: 

*+++ + * 



V v-e 
^++ + 


~ X +++ + C ( X +++) 


V 5 


= X% + C(X e + ) = X 


V s 

v x e _ 


= X e _ + C(X e _) 


v x e ___ 


= X e ___ + C{X e ___) 




= d ++ , vf__ = a. 



> Vf () = 9 . 

Moreover, the equations F(d ++ , X+ ++ ) = F(8q , X+ ++ ) = imply that the potential 
C(X+ ++ ) satisfies the equations 

d ++ c{xi ++ ) = o , d c(x e +++ ) = sc(x; ++ ) . 

Proposition 14 The potentials C(X+ ++ ) and C{X+) of an almost 1-partially flat con- 
nection V with respect to a central frame have the form, 

C{Xl ++ ) = uluiulC^ , C(X e + ) = u a + uiulC^ , 

where C e a ^ is a function on M , symmetric in a, (3, 7. 

With respect to a central frame, we can therefore write 

Vx U+ =Xl ++ + u a y + ulC^ , v xl =xi + u «y + uic^. 
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We define a modified connection in the bundle n*v over Sh by 



T - 7 




7 f-ie 
U + L/ a/3-y 










= xi + ^M%x 












= d ++ , V 9 __ 


= <9_ 



<9__ , V 



<9c 



5 



(5.22) 



As in the O-partially flat case, we have: 



Theorem 9 The constructed connection V is a 1-partially flat connection in ir*v over 
Sh and it is the pull-back of the following 1-partially flat connection V M in v over M : 



7 M 



a/37 



(5.23) 



Proof: As before one shows that the connection V is the pull-back of the connection V M . 

It remains to show that V M is 1-partially flat. Since any almost 1-partially flat connection 

(o) (i) 
is almost O-partially flat we have F= by Theorem 8. Next we show that F— 0. The 

connections V and V coincide in the direction of X+ ++ and X+. Hence, using equation 

(5.7), which holds for O-partially flat connections, we have 

= F^(Xl ++ ,Xi) 
= F^{X% ++ ,Xi) 



- iZ £ a ia2 piP2 U + U + U + U + 



(1) 



This shows that the component F in the decomposition (5.4) vanishes. Similarly, 

= F V (X^,X^') 
= F*(X%,Xi) 



i (2) r 'i 
implies F [ee ' 



- _ 8 f [ee ' ] 



0, and hence that V is 1-partially flat. 

iM 



□ 



By Theorem 6, the 1-partially flat connection V^fe in (5.23) is a Yang-Mills connection. 
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